The S-duality transformations of the lowest order string effective theory admit a space time interpretation for 4-dim backgrounds with one Killing symmetry. Starting from pure gravity and performing a sequence of intertwined T-S-T duality transformations we obtain new solutions which are always pure gravitational. In this fashion, S-duality induces an SL(2, R) transformation in the space of target space metrics which coincides with the action of the Ehlers-Geroch group and interchanges the electric with the magnetic aspects of gravity. Specializing to gravitational instanton backgrounds we show that ALE instantons are mapped to (multi) Taub-NUT backgrounds and viceversa. We find, however, that the self-duality of the metric is not generically preserved, unless the corresponding Killing vector field has self-dual covariant derivatives. Thus, the T-S-T transformations are not always compatible with the world-sheet supersymmetry of N = 4 superconformal string vacua. We also provide an algebraic characterization of the corresponding obstruction and associate it with a breakdown of space time supersymmetry under rotational T-duality transformations.
The toroidal compactification of the heterotic string to M 4 × T 6 seems to exhibit a remarkable symmetry under an SL(2, Z) group of transformations which act on the coupling constant of the theory [1, 2] . This discrete symmetry, known as S-duality, has its origin in the lowest order 4-dim effective theory where the axion-dilaton system admits a continuous SL(2, R) symmetry that becomes manifest in the Einstein frame. The purpose of this paper is to show that S-duality can have a space time interpretation when it is appropriately combined with T-duality associated to a Killing symmetry on M 4 . If both symmetries are valid and remain consistent with supersymmetry, then different space time backgrounds of the heterotic string will be related. We will see, for instance, that in the toroidal compactification of the heterotic string, S-duality relates vacua with M 4 being either the flat or the Taub-NUT space for certain discrete values of its moduli parameter. It is not surprising that both these spaces admit four standard space time supersymmetries [3] .
We consider bosonic backgrounds which are supersymmetric solutions of the heterotic string and so all fermion fields together with their supersymmetric variations are taken zero. As for the gauge fields, the standard embedding is implicitly used, in order to insure that all higher order α ′ corrections which are proportional to T rR ∧ R − T rF ∧ F vanish. The known bosonic solutions of the heterotic string correspond to supersymmetric self-dual backgrounds for which the standard embedding of the gauge fields A amounts to the self-duality condition on F (A) [4] [5] [6] . We use this as a strarting point to show that if a self-dual background admits Killing symmetries, its T-dual will not necessarily be supersymmetric and hence it will not always qualify for a new bosonic solution of the heterotic superstring. As we will see later, there are two types of Killing vector fields distinguished by the requirement of preserving standard supersymmetry or not. The first type, called translational, has self-dual covariant derivatives and preserves the vanishing condition of the supersymmetric variations of the fermion fields. There exist, however, rotational Killing vector fields, in that their covariant derivatives are not self-dual, which are not compatible with space time supersymmetry. The ordinary gravitational instantons (including flat space) always admit at least one translational Killing symmetry and so their T-dual versions are legitimate solutions. But if one chooses a rotational Killing symmetry, which is present in simple examples like the flat space and the Eguchi-Hanson instanton, then a classical supersymmetric anomaly appers by performing the corresponding T-duality transformation. This result casts doubts on the string equivalence of T-duality related backgrounds and calls for a careful investigation in the general supersymmetric case [7] .
Most of the present work concentrates on the properties and symmetries of the lowest order 4-dim effective bosonic theory [8] ,
after supressing the contribution of the gauge fields. Here H µνρ = 3∇ [µ B νρ] is the field strength of the anti-symmetric tensor field B µν and Φ is the dilaton field. The cosmological constant (central charge deficit) is also taken to be zero in the lowest order effective action. From now on, we will consider the general class of 4-dim metrics with (at least) one Killing symmetry associated to a vector K = ∂/∂τ on M 4 . Then, it is well known that any such metric can be written locally in the form
where {x i ; i = 1, 2, 3} are coordinates on the space of non-trivial orbits of ∂/∂τ in M 4 and V, ω i , γ ij are all independent of τ , but otherwise arbitrary. The results we will describe are quite general, but some of their implications will be considered in the context of the heterotic string theory.
The solutions of the vacuum Einstein equations can be regarded as special cases of gravitational string backgrounds with zero dilaton Φ and anti-symmetric tensor field B µν . In view of this embedding, if we perform a T-duality transformation (see for instance [9] and references therein)
to the pure gravitational metric (2), new solutions to the string background equations will result with non-trivial Φ and B µν fields in general.
On the other hand, the effective theory (1) exhibits an additional global SL(2, R) symmetry which is manifestly described in terms of the axion-dilaton system formulated in the Einstein frame of the string,
In this frame, the axion field b can be consistently defined as
where ǫ τ 123 = 1, and so b is non-locally related to the original variables. The axiondilaton system behaves in the Einstein frame as an SL(2, R)/U(1) non-linear σ-model, which in terms of the pair of conjugate variables
remains invariant under the SL(2, R) group of transformations
We will refer to this symmetry of the 4-dim effective theory as S-duality, although it is appropriate to reserve the name duality for discrete string symmetries and not just for continuous symmetries of the lowest order effective theory. The SL(2, Z) string duality symmetry will be considered later, when additional restrictions will be also imposed on the background metric.
The main observation is that by performing a sequence of T-S-T duality tranformations on a pure gravitational background with one Killing symmetry, the resulting string background is pure gravitational as well. Since the loop of T-S-T operations turns out to be a generic SL(2, R) transformation in the space of target space metrics, it can be regarded as providing a space time interpretation of S-duality. Moreover, as we are going to show, this SL(2, R) transformation in the space of Ricci flat metrics coincides with the action of the Ehlers-Geroch symmetry in ordinary general relativity upon reduction from four to three dimensions [10, 11] . Therefore, thinking of ordinary gravity as a special case of the 4-dim string background equations, we can provide an alternative description of the Ehlers-Geroch symmetry as being induced by S-duality by employing suitably T-duality on the way, switching on and off non-trivial axion and dilaton fields. Another advantage of this interpretation that will be discussed later, is that S-duality can be consequently understood as a symmetry interchanging the electric with the magnetic aspects of gravity, since to each metric of the form (2) there is associated a natural Maxwell field,
We proceed by performing first the T-duality transformation (3)-(5) to the metric (2) within the string effective theory (1) . The result of the calculation in the Einstein frame of the string can be summarized as follows,
while all other components are zero. Of course ω i (and henceB τ i ) are defined up to a gauge transformation
which amounts to the coordinate (shift) transformation
Using the defining relations for the axion field b, we find in this case the result
since ǫ τ ijk = ǫ ijk in the metric (11) . In the terminology of Gibbons and Hawking [11] , b coincides with the so called nut potential of the metric (2) . The nut charge of a gravitational solution can be interpreted as the axion charge of the T-dual string solution. To perform the S-duality on the resulting axion-dilaton system we consider the corresponding pair of conjugate fields
It can be easily verified that the SL(2, R) transformation (9) reads for the V and b fields as
while the 3-metric γ ij remains invariant. After this transformation, the new axion field can be written again in the form (15) 
Clearly, ω ′ i are non-local expressions of the original data, but it is important for our purposes that they exist and they are unique, up to gauge transformations of the form (13).
The result we have just described, obvious as it may seem in retrospect, provides a space time interpretation of S-duality, which in the present context coincides with the Ehlers-Geroch SL(2, R) symmetry group of vacuum Einstein spaces with (at least) one Killing symmetry. To make the identification exact, note that group elements of the form C = 0, A = D = 1 shift b by a constant B and keep V invariant (translations), while group elements of the form B = C = 0, D = A −1 scale both V and b by a constant A 2 (dilations). The really non-trivial part of the symmetry is described by the group element with A = D = 1 and B = 0, which is nothing else but the celebrated Ehlers transform of the 4-dim metric. It is also interesting to note that from this point of view, the three parameter group of transformations (9) describes a duality between the electric aspects of gravity, characterized by V , and the magnetic aspects characterized by the nut potential b (being the axion field in the T-dual string setting of the problem). These electric and magnetic aspects of gravity can be best understood by computing the components of the curvature of the Maxwell field (10) associated with any metric of the form (2). Hence, S-duality can be regarded once more as being analogous to the well known duality symmetry of electromagnetism.
We are considering 4-dim space times with one Killing symmetry and so the isometry group that is generated by the vector field ∂/∂τ might have fixed points in its action. It is known that the corresponding fixed points are either isolated (called nuts) or they form 2-dim submanifolds (called bolts). Bolts are thought to be analogous to electric type mass-monopoles, while nuts as gravitational dyons with real electric mass-monopole and imaginary magnetic mass-monopole [11] . The existence of nuts and bolts in Euclidean gravity and the relation between them is a manifestation of the space time interpretation of S-duality we have presented. Single nuts are not physically acceptable in classical relativity, but bolts are, because of the asymptotic behaviour of the corresponding solutions. However, if a string theory had SL(2, Z) S-duality as an exact symmetry, then roughly speaking there would be an equivalence mapping between nuts and bolts in that string framework. We will make this idea concrete next in the context of N = 4 superconformal string theory, where S-duality can relate asymptotically locally Euclidean (ALE) gravitational instanton backgrounds to (multi) Taub-Nut backgrounds, and vice-versa.
It is an established result in the literature that for pure gravitational backgrounds, N = 4 supersymmetry on the world-sheet implies the hyper-Kahler condition on the metric. In four dimensions this means that Ricci flat metrics are self-dual (or anti selfdual), i.e.,
and so they qualify as gravitational instanton backgrounds. We will consider the selfdual case picking up the plus sign, while the anti self-dual case can be treated in a similar way. One expects that if T-duality always preserves space time supersymmetry in N = 4 superconformal string theory, the application of a T-S-T sequence of operations on self-dual metrics with one Killing symmetry will preserve self-duality and provide an S-duality relation between gravitational instanton backgrounds. In the heterotic string theory it is sufficient to consider the lowest order effective action, since all higher order corrections in α ′ can be made zero by the standard embedding of the gauge fields. Also, it is sufficient for our argument to consider only the bosonic sector of the theory and reexamine the action of the Ehlers-Geroch group on self-dual metrics. It will turn out that some surprises arise for a certain class of metrics satisfying various additional technical conditions, while testing the T-S-T duality transformations. We will also show that for self-dual backgrounds of ALE or Taub-Nut type the self-duality condition can be preserved by the transformation, but again not always.
Self-dual metrics of the form (2) can be classified into two classes depending on the type of the Killing symmetry. In particular, there are two possibilities depending on whether the covariant derivative of the Killing vector field K ν , ∇ µ K ν , is self-dual or not [12] . The algebraic condition that leads to this distinction is solely described by the characteristic quantity
where S − is one of the two conjugate variables (8) involving the nut potential b (equivalently the axion in the T-dual formulation) and V of the original metric. Since the 3-metric γ ij has Euclidean signature + + +, the quantity ∆S − is non-negative. The two different cases in question arise when ∆S − = 0 or ∆S − > 0. * In the first case the Killing symmetry is usually called "translational", while in the second case "rotational", although the real distiction between the two depends on the quantity (21) being zero or strictly positive. Of course, it might be possible for a self-dual metric to have more than one Killing symmetry with respect to which is either of one or of the other type; the Eguchi-Hanson instanton is the simplest non-trivial example with two such different types of Killing symmetries, but the flat space can entertain both possibilities as well. It is important to realize that the analysis we will present in the sequel depends crucially on the Killing symmetry that is chosen to perform the T-S-T transformation.
In the first case, when ∆S − = 0 and hence S − is constant, there is a theorem [12, 13] stating that there exists a coordinate system in which γ ij = δ ij and the self-duality condition amounts to the condition
with respect to the flat 3-metric δ ij . Hence, V −1 satisfies the 3-dim Laplace equation and all components of the 4-dim metric are determined in terms of its solutions. In this case, comparing eqs. (15) and (22), we find that
up to an overall constant which is taken to be zero with no loss of generality. Solutions to the 4-dim string background equations, where a (conformally) flat metric is coupled to axionic instantons have been considered before [4, 5] , together with their T-dual formulations as pure gravitational instanton backgrounds [6] . The main issue of our concern is not to rederive this result, but to note that the sequence of operations T-S-T preserves self-duality and the characteristic condition ∆S − = 0. Since the only nontrivial part of the Ehlers-Geroch symmetry corresponds to the choice B = 0, A = D = 1, applying formula (17) we find the effect of the Ehlers transformation to be
where in the discrete SL(2, Z) case C is an arbitrary integer. Its effect on ω i is trivial and up to gauge transformations we may take ω
This shift is clearly a symmetry of the 3-dim Laplacian equation imposed on V −1 by the self-duality and although it is rather simple, it can have important effects on the space time interpretation of the corresponding solutions. * If we were considering anti self-dual metrics then there would be an analogous condition on S + instead, which in more geometrical terms would be equivalent to having an anti self-dual ∇ µ K ν or not. The reason is that if a metric of the form (2) is self-dual, its anti self-dual counterpart will be obtained by flipping the sign of all ω i and hence of the corresponding b. Under this interchange we clearly have
The localized solutions of the 3-dim Laplace equation for V −1 are of the general form
modulo delta functions, where m i and x 0,i are moduli parameters. The constant ǫ can be either zero or non-zero, in which case it is usually normalized to 1. If all m i = M and if τ is periodic with the range 0 ≤ τ ≤ 4πM/n, then it is known that the singularities of the corresponding 4-dim self-dual metric are removable and the solutions could qualify as gravitational instanton backgrounds [11] (see also [14] for a review). From now on, the singularities of the metric, being either nuts or bolts depending on the coordinate system, will be assumed to be removable. For ǫ = 1 one has the multi Taub-NUT metrics, with n = 1 being the ordinary self-dual Taub-NUT metric. For ǫ = 0 the resulting metrics are the multi-center Gibbons-Hawking metrics, with n = 2 being the simplest non-trivial example known as the Eguchi-Hanson instanton. They correspond to the A-series in the A-D-E classification of the ALE gravitational instantons [15] . For ǫ = 0 and n = 1 one obtains the flat metric space by appropriate coordinate transformation. In gravitational theories, only the solutions with ǫ = 0 are physically acceptable based on their asymptotically locally Euclidean behaviour; the boundary at infinity is the lens space S 3 /Z n . For the multi Taub-NUT metrics, the existence of a non-zero nut parameter violates the ALE asymptotic condition and the solutions are asymptotically flat only in the spatial direction | x |→ ∞, but they are periodic in the variable τ . In other words, ǫ being zero or not changes the sense in which the solution is asymptotically flat from the four to the three dimensional case.
It is often the case with symmetry groups of differential equations that their action on the space of solutions does not respect boundary conditions. In the space time interpretation we are presently considering, this means that S-duality can in principle relate geometrically (and even topologically) different backgrounds.
† In particular, under the Ehlers transform ALE instantons are mapped to multi Taub-NUT backgrounds and vice versa, as it was already indicated. This changes the geometry and the asymptotic behaviour of the corresponding solutions. Suppose that we start from a multi-center Gibbons-Hawking instanton and set M = 1 by rescaling simoultaneously all the space time coordinates. Then, the Ehlers transform of V −1 gives rise to a multi Taub-NUT space with M = 1/2C, provided that C = 0. The period of τ scales accordingly under this transformation. Reversely, starting from multi Taub-NUT backgrounds it is possible to obtain the multi-center Gibbons-Hawking instantons. This is more easily seen if ǫ is not normalized to 1 but it is allowed to assume arbitrary non-zero values; otherwise a composition of the Ehlers transform (24) with the dilations will be necessary to complete the mapping. It is appropriate to consider C > 0 in all these cases.
The Ehlers transform maps the flat space to the ordinary Taub-NUT space. This case corresponds to self-dual metrics with a single center which can be positioned at the † The string equivalence between geometrically and even topologically different backgrounds which are related by T-duality was considered before [16] .
origin using the freedom of translations in x-space. The metric with ǫ = 0 has V =| x | and
If we introduce two complex coordinates z 1 and z 2 so that
the metric assumes the flat form with z 1 and z 2 as its corresponding Kahler coordinates. Its Ehlers transform with respect to the Killing vector field ∂/∂τ is the Taub-NUT metric. The period of the τ coordinate is 2π/C after removing the singularity. Since both these 4-dim backgrounds admit N = 4 space time supersymmetry [3] , it is natural to expect that in the heterotic string theory they will be related by S-duality for discrete values of C. This novel possibility has to be tested directly. It is curious to note that the compactified Schwarzschild solution can be regarded as a combination of a self-dual Taub-NUT metric with its anti self-dual partner, in order to cancel the magnetic mass.
We will now examine the other general class of self-dual metrics with one rotational symmetry corresponding to the algebraic condition ∆S − > 0. There is a theorem [13] stating that in this case the self-dual metrics are determined by a single scalar function Ψ(x i ) in a coordinate system of the form (2) so that
while the off-diagonal components of the 3-metric are zero and
Then, in terms of this parametrization the self-duality condition for the 4-metric becomes the continual Toda equation for Ψ, namely
Performing the T-duality on such a gravitational background we find that
up to an overall constant and with Einstein metric given by eq. (11) . In this coordinate system ∆S − remains positive (as it should be for a coordinate independent description of the characteristic condition) and takes the value 1.
It is interesting to note at this point that the space of solutions of the continual Toda equation exhibits infinitely many symmetries generating a classical W ∞ algebra [17] . The simplest representative (associated with the centerless Virasoro algebra) is given infinitesimally by the transformation
where the infinitesimal parameter ǫ depends on the chiral combination 2z = x 1 + ix 2 and the derivatives are taken with respect to z. There is a similar transformation for the other chiral sector in terms of 2z = x 1 − ix 2 . Higher spin symmetries have been also studied, but their form is quite complicated. The continual Toda equation also exhibits a global U(1) symmetry
where ǫ is now taken to be independent of all space time variables. These symmetries, by construction, transform any self-dual gravitational background with ∆S − > 0 into another, while preserving self-duality. They can certainly be employed to induce a mapping between non-trivial string backgrounds by intertwining them with T-duality. From this point of view one might suspect that the S-duality, if it always preserves the self-duality of the original metric, will be identified with a subgroup of the infinite dimensional symmetry group of the continual Toda theory. However, as we will see shortly this turns out not to be the case and we discover an anomaly for ∆S − = 0.
The simplest set of solutions of the continual Toda field equation can be obtained by making the ansatz
It is straightforward to verify that this ansatz will provide a class of solutions if ϕ(x 1 , x 2 ) satisfies the Liouville equation with coupling constant proportional to α. The most general solution of the continual Toda equation has been constructed in the literature (see [18] and references therein), but it will not be needed for the present purposes. The solution
provides an alternative description of the Eguchi-Hanson instanton with respect to its second (rotational) Killing symmetry.
corresponds to the case
which gives rise to the trivial flat metric after performing the coordinate transformation
The important point that needs to be made for rotational Killing symmetries is that the T-S-T transformation is anomalous, thus breaking the self-duality of the original ‡ The Eguchi-Hanson instanton has also a translational Killing symmetry in the sense that the corresponding ∆S − = 0. This can also be seen here from the special combination of the x 1 and x 2 coordinates that appear in eq. (35).
metric, even though the resulting pure gravitational background is Ricci flat. This is a classical obstruction that has nothing to do with quantum corrections. The metric maintains its rotational symmetry by performing the sequence of T-S-T transformations, but there is no coordinate system of the form (28), (29) for a new scalar function Ψ ′ , as it would have been required by the theorem [13] for rotationally invariant self-dual metrics. We will see shortly that this problem, which can be observed in Euclidean gravity without ever employing the string viewpoint, has a natural supersymmetric explanation in the lowest order string effective theory.
The aparent incompatibility between S-duality and self-duality (and hence N = 4 superconformal symmetry) can be easily verified by performing the T-S-T loop of operations to the flat metric associated with the solution (36). Indeed, the metric we find at the end of the calculation is
(39) using for simpicity only elements of the Ehlers transform. It can be verified that for C = 0 we obtain the original flat metric, while for any C = 0 the resulting metric is not self-dual (nor anti self-dual). Similarly, if we had applied the same method to the Eguchi-Hanson instanton with respect to its rotational symmetry, a violation of self-duality would have also been observed. Of course, as it was pointed out earlier, S-duality would not lead to such a violation if the T-S-T transformation were performed using the translational Killing symmetry of the same solution. Therefore, on general grounds, if there is an anomaly in ∆S − , the S-duality appears to be incompatible with N = 4 superconformal string theory. Instead, the symmetry which seems compatible with self-duality in this case is W ∞ , at least in the pure gravitational sector of the string effective theory.
This result points to a problem which actually turns out to be related with the T-duality used to perform the combined T-S-T transformation. The reason is that for rotational Killing symmetries, unlike for the translational ones, T-duality does not preserve the (standard) space time supersymmetry. The obstruction can be easily seen by considering the supersymmetric variation of the dilatino field λ. Remember that in the heterotic string context we are looking for bosonic ground states of a supersymmetric theory. The variation δλ = 0 implies in four dimensions that the dilaton and the antisymmetric tensor fields have to satisfy in the σ-model frame the consistency condition
at each stage of the duality transformations. Since we have started from pure gravitational self-dual metrics, rather than anti self-dual, the appropriate sign in the equation above is minus. Taking into account eq. (7), it is straightforward to verify that the supersymmetric condition for the dilatino field will be valid in the T-dual background only if S − is constant and hence ∆S − = 0. Space time supersymmetry can not be preserved under T-duality for Killing vector fields with ∆S − > 0. The subsequent application of the S and T transformations can only make things worse.
Supersymmetric T-duality transformations can be safely performed only with respect to translational Killing symmetries. We have already seen that even the simplest space time backgrounds, like the flat space and the Eguchi-Hanson instanton, have the potential for exhibiting an anomalous supersymmetric behaviour under T-duality when a rotational Killing symmetry is used. Solutions with more than one Killing symmetry are in practice much easier to construct. It is worth emphasing, however, that solutions with rotational Killing symmetries usually admit a translational Killing symmetry as well, which can be used safely. The reason is that if a space time admits two Killing symmetries, both of them rotational, it will not be a generic real Euclidean solution of the self-duality conditions [13] . The requirement of reality will exclude this possibility if the two rotational Killing vectors K 1 and K 2 are assumed to form a closed algebra, i.e.,
A way out is thus provided by the existence of an extra translational Killing vector field leading to an SU(2) symmetry algebra. The multi-center Gibbons-Hawking instantons with n > 2 have only one Killing symmetry which is translational and hence safe under T-duality.
There are no real self-dual Euclidean solutions known to this date which exhibit only one rotational Killing symmetry with no other symmetries of either type. New series of well-behaved gravitational instatons can only be obtained by investigating carefully the space time interpretation of the general solution of the continual Toda equation [18] . If purely rotational instantons exist, T-duality will never be compatible with their supersymmetry. The problem we are addressing here has also some relation with the nonabelian duality transformations of gravitational string backgrounds [19] . The presence of a rotational Killing vector field is a common element in both cases. For this reason we think that space time supersymmetry can not be preserved by non-abelian duality. We hope to return to this issue elsewhere taking into account gravitational backgrounds with non-trivial axion and dilaton fields as well.
We note finally that if both S and T are symmetries of a certain class of 4-dim string backgrounds with one Killing symmetry and with non-trivial antisymmetric tensor and dilaton fields, there will be two independent SL(2, R) symmetries of the corresponding effective theory, namely S and T-S-T. It seems that in this way the combination of the S and T duality transformations enlarges the symmetry group of the theory to O(2, 2). This result is also expected from the reduced form of the 4-dim effective action. The reduction of pure gravity from four to three dimensions is formulated as an SL(2, R)/U(1) σ-model coupled to 3-dim gravity, while the axion-dilaton system provides a second SL(2, R)/U(1) σ model. A similar proposal was made recently for the compactification of the heterotic string on a seven dimensional torus, where the T-duality group O(7, 23) and S-duality combine by intertwing into O(8, 24) [20] . Going one dimension lower we expect the string duality group to become an infinite dimensional discrete subgroup of O (8, 24) , in analogy with the infinite dimensional Geroch groupÔ(2, 2) of 4-dim strings with two Killing symmetries [21] . The intertwining of the S and T transformations produces infinitely many new transformations in two dimensions. The implications of such huge symmetries to the spectrum of the eight dimensional compactification of the heterotic string, are also under consideration [22] .
In summary, we found that ∆S − is an index for the Killing symmetry that determines whether T-duality preserves supersymmetry. An obstruction was observed for ∆S − = 0. Its generalization to more arbitrary backgrounds is an interesting problem. We also gave a reformulation of the Ehlers-Geroch hidden symmetry of the reduced theory of 4-dim gravity in terms of the S-duality transformations of the lowest order string effective theory. It was considered as providing a space time interpretation of S-duality. The simplest example was the transformation of the flat space to the Taub-NUT background.
